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yn-' • Abstract. Buan, Marsh and Reiten proved that if a cluster-tilting object 

*— ^ ' T in a cluster category C associated to an acyclic quiver Q satisfies certain 

^^ I conditions with respect to the exchange pairs in C, then the denominator in its 

$H 1 reduced form of every cluster variable in the cluster algebra associated to Q 

^1h' has exponents given by the dimension vector of the corresponding module over 

■^^ ' the endomorphism algebra of T. In this paper, we give an alternative proof of 

this result using the Caldero-Keller approach to acyclic cluster algebras and 

\l , the work of Palu on cluster characters. 
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1. Introduction 



Cluster algebras were introduced in [TlJ in order to study problems of total 
["*-. I positivity. Then, they were subject to developments in various directions including 

^D ■ combinatorics, Lie theory, Teichmiiller theory and quiver representations. 

By definition, the cluster algebras are commutative algebras generated by a set 
, , ■ of variables called cluster variables gathered into sets of fixed cardinality called 

r> I clusters. The Laurent phenomenon proves that the elements in the cluster algebra 

j^ ■ are Laurent polynomials in the variables contained in any fixed cluster. The initial 

data for constructing a cluster algebra is a pair {Q, u) where Q is a quiver and 
u = {ui,i G Qo) is a tuple of indeterminates over Q, the associated cluster algebra 
is denoted by A{Q). 

The link with the representation theory of quivers found one of its motivation 
in the finite type classification of [12]. This asserts that the number of cluster 
variables in A{Q) is finite if and only if Q is a Dynkin quiver and in this case there 
is a 1-1 correspondence between the almost positive roots system of Q (that is the 
disjoint union of the positive roots and the opposite of simple roots) and the cluster 
variables in A{Q). Considering that the cluster variables are Laurent polynomials, 
one can define the denominator vector of a cluster variable Piv.)/ JJ- u^' in reduced 
form as the tuple d = (di). The authors obtained a first interesting description of 
the denominator vectors for cluster variables when Q is a certain quiver of Dynkin 
type proving that the denominator vectors for the cluster variables were the almost 
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positive roots of Q (see also [8]). If Q is an acyclic quiver (that is without oriented 
cycles), the cluster algebra A{Q) is called an acycHc cluster algebra. 

Initiated by the work of [H], the research of a theoretical framework for the 
study of cluster algebras leaded to a fruitful categorification with the cluster cat- 
egory introduced in [2J (see also [8J for the Dynkin type A). In [Sj, a surjective 
map a was defined from the set of cluster variables of A{Q) to the set of indecom- 
posable exceptional objects in the cluster category C. This map satisfies that the 
denominator of a cluster variable x can be described in terms of dimension vector 
(in a proper sense to be defined) of the indecomposable exceptional object a{x). 
In [6], a map was defined in the reverse direction, allowing the authors of [9^[T0j to 
prove independently the interpretation of the denominators of cluster variables in 
terms of composition factors of the corresponding exceptional object in the cluster 
category. In particular, this generalizes the correspondence between denominator 
vectors of cluster variables and almost positive roots of Q in the case when Q is a 
Dynkin quiver. 

It is an interesting question to wonder how the denominator behaves if one 
expresses the cluster variables in terms of different seeds. It is known since (Sj [lO] 
that each seed can be associated with a cluster-tilting object in C. A description of 
the denominators was given in [HI |7] when Q is a Dynkin quiver. Recently, Buan, 
Marsh and Reiten obtained a generalization in |3] when Q is any acyclic quiver 
under some conditions on the cluster-tilting object corresponding to the seed in 
which the cluster variables are expressed. 

It is known since [l] that the approaches developed independently in [5] and 
[Sl [HI [To] are dual to each other. Namely, the maps defined there are their mutual 
inverse. These two approaches are very complementary and allow to have a very 
good understanding of the link between cluster algebras and cluster categories. 

The recent works of |15], based on conjectures of [9j, developed a Caldero-Keller 
approach to the change of seeds in cluster algebras. By reading [Sj, one could realize 
that the given conditions on the cluster-tilting objects appeared naturally in the 
context of the Caldero-Keller approach to the change of seeds. Following this idea, 
we found it interesting to give alternative proofs for some results of [3] using the 
Caldero-Keller approach and the works of Palu. Except for the last section, our 
results are independent of those of [3]. 

The paper is organized as follows. In section [2] we present the necessary back- 
ground and the main result of this paper. In section [Sj we recall the definition and 
properties of the generalized Caldero-Chapoton map from [15]. In section [U we 
recall some essential property for the behaviour of denominator vectors of Laurent 
polynomials, called the positivity condition in [5] and weak positivity in jlOj . The 
last two sections are devoted to the proofs of our results. 



2. Background and main results 

Let Q = {Qo, Qi) be an acyclic quiver with Qo ~ {1,. . . ,q} is the set of vertices 
and Qi is the set of arrows. We will always assume that Q is connected (ie the 
underlying unoriented graph is connected). In all the paper k denotes the the 
field C of complex numbers. We denote by kQ the corresponding path algebra, 
kQ-vaoA the category of finite dimensional fcQ-modules and D^{kQ) the bounded 
derived category of finite dimensional /cQ-modules. r denotes the Auslander- Reiten 
translation on D''{kQ), S the shift functor and F = t-'^S. Let C = D^{kQ)/F be 
the cluster category associated to Q, that is the orbit category of F on D^{kQ). 

We denote by Ob(C) the set of objects in C and by ind— C the set of indecompos- 
able objects in C. An object will be called exceptional if it has no self-extension. 
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basic if all its distinct indecomposable direct summands are non isomorphic. An ob- 
ject T will be called a cluster-tilting object if it is exceptional with q non-isomorphic 
indecomposable direct summands. We set 

r = {M e ind-C : Ext^(Af, M) = O} . 

Fix u — (mi, . . . ,Uq) a g-tuple of indeterminates over Q. We will denote by 
A{Q) the (coefficient free) cluster algebra over with initial seed (u, Q). We denote 
by C\{Q) the set of cluster variables in A{Q). 

Definition 2.1. Write F = ^(u)/n?=i "i' ^ Laurent polynomial in the Ui. As- 
sume that F is written in its irreducible form, that is such that P is not divisible by 
any Ui and di € Z for every i. The the g-tuple (di, . . . , dq) is called the denominator 
vector of F and is denoted by S{F). 

In [5], the authors introduced a surjective map a : C1(Q) — >T from the set 
of cluster variables to the set of indecomposable exceptional objects in the cluster 
category C. It is defined by 

C1(Q) -^ T 

X 1-^ a{x) 

where a{x) is the unique indecomposable exceptional object with dimension vector 
S{x) ii X ^ Ui for all i £ Qo and a{x) = SPi ii x = Ui for some i G Qo- 

Another point of view, which is dual to this one, consists of realizing the cluster 
algebra from the cluster category. This approach was developed in [6;, 9, lOj where 
the authors defined and studied a map X-f : Ob(C) — >Z[u~^^, . . . jU^-^] called the 
Caldero-Chapoton map. 

In [ID], the authors proved that the Caldero-Chapoton map induces a bijection 
between T and C1(Q) and it turned out that the induced map on T is the bijection 
inverse to a (see [Ij), namely 

a{XM) — M and X^^^^-^ = x 

for any M e T and a; e C1(Q). 

From now on, we fix T = ®?=i Ti a cluster-tilting object in C. We denote by Qt 
the quiver of the cluster-tilted algebra B = Endc(r). It is known (see [5]) that there 
is a seed (x, Qt) mutation-equivalent to (u, Q) in A{Q) where x = {xi, . . . , Xq) is a 
g-tuple of indeterminates over Q. We denote by A{Qt) the coefficient-free cluster 
algebra with initial seed (x, Qt)- 

As each Xi is a Laurent polynomial in the Ui, we can set $t '■ A{Qt) — ^ A{Q) 
the canonical algebra homomorphism sending x^ to its expansion in Z[mj^^, . . . ,u^^]. 
Then, $t is an algebra isomorphism from A{Qt) to A{Q) inducing a bijection from 
C1(Qt) to C1(Q). 

If F is a Laurent polynomial in the Xi, i G Qo, we denote by 5t the denominator 
vector of F expressed in x. 

We can draw the following picture where the top maps are inverse bijections: 

T^^C1(Q)^-^ZQ« 
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It is proved in [lOj that for every object M £ T non-isomorphic to any SPi, the 
denominator vector of Xm is 

(5(Xm) = dimM = (dim Home (Fi, M), • • • , dim Home (Fg, M)). 
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Recently, in [Sj, the authors proved that under certain conditions on T, namely the 
so-called exchange compatibility (see section \E\ for a definition) , one could obtain 
a generalization of the above result, also generalizing the denominator theorem of 
[5]. Following the authors, we set: 

Definition 2.2. A cluster variable x in A{Qt) is said to have a T -denominator if 

5t{x) = (dim Home (Ti,a($T (a;) )),..., dim Home (T,,a($T (a;))) 

if X ^ {xi, . . . ,Xq\ and a{^T{xi)) — STi for every i e Qq. 

The following was proved in [3j : 

Theorem 2.3 ([3j). Let Q be a finite quiver with no oriented cycles, let C be the 
cluster category associated to kQ and let T — ®1^i Ti be a cluster-tilting object 
in C such that each Ti is exchange compatible, then every cluster variable has a 
T -denominator . 

We propose an alternative proof of this result using the Caldero-Chapoton-Keller 
approach in a generalized context, relying on the works of Palu in [15|. We denote 
by X^ : C — > A{Qt) the so-called cluster character on C associated to the cluster- 
tilting object T as introduced in jT5] (see section [3] for definitions). It is known 
that Xf induces a bijection between T and the set C\{Qt) of cluster variables in 
A{Qt)- The situation can be described in the following commutative diagram : 



r-^^ci(Q) 




G\{Qt) ^^^ ZQ'> 
Our main result is the following : 

Theorem 2.4. Let Q be a finite quiver with no oriented cycles. LetC be the cluster 
category associated to kQ and let T — ®'^]^ Ti be a cluster-tilting object in C such 
that each Ti is exchange compatible, then for any indecomposable exceptional object 
M ofC 

T^_f -e, ifM^ST, 



5 (X ) = 
TK M) 1 dimUomciT, M) otherwise 

Ln particular, every cluster variable has a T -denominator. 

This theorem will be proved in section [5l Our proof is independent of the works 
of [3]. We will see in section [5] that theorems 12.41 and 12.31 are equivalent. 

We also propose an alternative proof of the condition of exchange compatibility. 
Namely, using the Caldero-Chapoton-Keller approach, we give an alternative proof 
of the point (b) of Theorem 1.5 in [3]: 

Theorem 2.5. Let Q be a finite quiver with no oriented cycles and C be the cluster 
category associated to kQ. Let T = ®'^i Tj be a cluster-tilting object in C. Let 
A{Q) be the cluster algebra associated to Q. If every cluster variable of A{Q) has 
a T -denominator , then Endc(T'j) — k for all i ^ Qq. 

This theorem will be proved in section [6l 

3. Cluster characters for cluster categories 

In this section Q — {Qq, Qi) still denotes an acyclic quiver and C is the associated 
cluster category endowed with the shift functor S. We denote by A{Q) the cluster 
algebra with initial seed (Q, u) and by C1(Q) the set of cluster variables in A{Q). 

Write X-f the Caldero-Chapoton map on C (see [6j). 
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Theorem 3.1 ([TO]). Let Q be an acyclic quiver, then X-t induces a bijection from 
T toC\{Q). 

Fix now a basic tilting object T and denote hy B = Endc(T) and Qt the quiver 
of B. We denote by A{Qt) the cluster algebra with initial seed {Qt, x) and by ^t 
the canonical algebra homomorphism 

^ : A{Q)-^ A{Qt) 

sending Xi to its Laurent expansion in the cluster u. In particular, <& induces a 
bijection from C\{Qt) to C\{Q). 

We denote by F = Homc(r, ?) : C — » i?-mod. For any objects M, N in _B-mod, 
we write 

(M, TV) = dimHomB(A/, N) - dimExt^(M, N) 

{M,N)^ = {M,N)-{N,M) 

Note that in general, (— , — ) does not induce a bilinear form on the Grothendieck 
group Kq{B). Nevertheless, Palu proved in [Hj that the anti-symmetrized bihnear 
form (— , — )^ induces a form on Ko{B). 

For any object Af in C, following [15], we define 

r^ _ ( X, if M ~ ST, 

^" ^ I Ee x(Gre(FM)) n. xf->"-<^'-^^^> otherwise 

where e runs over the dimension vectors of i?-modules, Gre(FM) denotes the vari- 
ety of submodules of FM with dimension vector e and x denotes the Euler-Poincare 
characteristic. Moreover, this map satisfies 

vT _ vT yT 

for any two objects Af, N in C. 

Then, it is known that the following diagram commutes 




AQ)^ i AQt) 

In particular, Xj induces a bijection from T to C\{Qt)- 

For any two objects U^V such that Extc(C/, 1^) — k, we denote by Ejjy and 
Ev^u the unique objects in C such that there exists non-split triangles 

U — >Ev,u — >V — >SU 
V — >Eu,v — >U — >SV 
One of the interesting properties of the cluster character Xj is its behaviour 
under multiplication: 

Theorem 3.2 (p=5j). Fix Q an acyclic quiver, C its cluster category. Fix U, V two 
objects in C such that dimExtg(f7, y) = 1, then 



XlfXy — X^^ ^ + X^. 



In the sequel, we will mainly apply this theorem to a particular case of pairs of 
objects iU,V) such that dim'Ext};{U,V) ~ k, namely when {U,V) is an exchange 
pair in the sense of pj. We recall here the definition of an exchange pair. 

Fix Uq an indecomposable exceptional object in T, according to 0, it can be 
completed into a cluster-tilting object U — U (B Uq. Now it is known that there 
exists an unique Uq non isomorphic to Uq such that U (B Uq is a cluster-tilting 
object in C. The pair (Uq, Uq) is called an exchange pair. 
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For such an exchange pair, Ext(;{Uo, Uq) ~ k and Eu^^u'^Eu'^jjo ^-re objects in 
add [/, where add U denotes the subcategory of objects whose direct summands are 
direct summands of U . In particular Eu^^^u* and Eu'^jja are exceptional objects. 

As an immediate corollary, we obtain: 

Corollary 3.3. Fix {U, U*) an exchange pair in C, then 

We recall the definition of the tilting graph of a cluster category. The vertices 
of the tilting graph are representatives of the isomorphism classes of cluster-tilting 
objects of C and there is an edge between two cluster-tilting objects M and M' if M 
and M' differ only by one direct summand, that is if M = [/© U and M' = U* ®U 
where (U,U*) is an exchange pair in C. It is proved in (see also [l^) that the 
tilting graph of a cluster category is connected. 

4. Weakly positive Laurent polynomials 

An essential notion concerning the behaviour of the denominators of Laurent 
polynomials under sum and multiplication is the positivity condition, introduced in 
[5]. Following JO], we will call this property the weak 



Definition 4.1. A Laurent polynomial F = P(x)/x'^ in an irreducible form will 
be called weakly positive if P{z) > for every z £ N'^° with at most one vanishing 
component. 

Given two vectors d, e G 'Z'^° , we write 

max(d, e) = (max(di, ei))ieQo 

This notion is known to be useful in considering the denominator vectors of 
cluster variables, it appears to be a central point for the techniques developed 
in [H [21 [To]. The following gives the essential reasons for introducing the weak 
positivity. 

Lemma 4.2. [lO] We fix any Laurent polynomial ring R. For any element L € R, 
denote by Sfj the denominator vector of L. Then, 

(1) If Li and L2 are weakly positive Laurent polynomials, then Li + L2 is also 
weakly positive. Moreover, 

5r{Li + L2) = max{6B,{Li),SR{L2)) 

(2) If Li and L2 are Laurent polynomials such that Li is weakly positive, then 
L2 is weakly positive if and only if L1L2 is weakly positive. Moreover 

5r{LiL2) = Sr{Li) + 6r{L2) 

In [To], the authors proved that for any indecomposable exceptional object, Xm 
is a weakly positive Laurent polynomial. We prove similarly that Xjf is weakly 
positive: 



Lemma 4.3. For any indecomposable exceptional object M in C then Xjj is a 
weakly positive Laurent polynomial in x. 

Proof. As M is an indecomposable exceptional object, it can be completed into a 
cluster-tilting object in C. The tilting graph being connected, it suffices to prove 
by induction that if the X^ are weakly positive for all the direct summands U 
of a cluster-tilting object R, then the X'^ are weakly positive for all the direct 
summands U of any cluster-tilting object R' joined to R by an edge in the tilting 
graph. 
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We start the induction from the cluster-tilting object ST — ®^^]^ STi. For every 
J e Qo; ^sT- = ^j = 1/2; i~ is a weakly positive Laurent polynomial. 

Fix now R and R' two cluster-tilting objects joined by an edge in the tilting 
graph. The R ^ U ®U and R' ^ U* ®U where {U, U*) an exchange pair. We 
assume that Xy is a weakly positive Laurent polynomial for all the direct summands 
V of R. According to corollary 13.31 we have 



X^Xij. - ^B„_„. +Xe^,^^. 



According to lemma [421 if ^]s , ■> ^e , a-nd Xj^ are weakly positive then so 
is Xjjt. As Eu,u-*,Eij',u G add([/), AT^ ^, X]^ ^ and X^ are weakly positive 
Laurent polynomials by induction and then X^, is weakly positive. D 



Corollary 4.4. For any object M without self- extensions, Xj^ is a weakly positive 
Laurent polynomial in x. 

Proof. Write M — 0^ M^ the decomposition into indecomposable summands, then 
Xjj = Yii ATJj. is a product of weakly positive Laurent polynomials and is thus 
weakly positive. D 

5. Proof of theorem 12.41 

In this section, we prove theorem 12.41 As we will see, the condition of exchange 
compatibility introduced in [3J arises naturally as the necessary condition for clus- 
ter variables to have a T-denominator. We first recall the definition of exchange 
compatibility from [3]: 

Definition 5.1. Fix {U,U*) an exchange pair. An indecomposable exceptional 
object A'' in C is called compatible with the exchange pair {U, U*) if whenever U 9^ 
tN ^U* we have 

dim Home (A^, L/)+dim Home (A^,C/*) = max(dimHomc(Ar,^,7,[/.), dimHomc(A^, £'t/-,c/)) 

A^ will be called exchange compatible if it is compatible with all the exchange 
pairs in C. 

We denote by {ei,i G Qq} the canonical basis of Z^° . For any object M in C, 
we denote by 

dim Home (r,M) = Yl dim Home (T,, M)ej 

ieQo 

Corollary 12. 4L Let Q be an acyclic quiver, C its cluster category and T a cluster- 
tilting object in C. Assume that for any i G Qo, Ti is exchange compatible, then 
for any indecomposable exceptional object M of C 

-a if M ~ ST, 



St{Xm) >, dim Home (r,Af) otherwise 

Proof. We fix i £ Qq. Proving the theorem is equivalent to proving that for any 
indecomposable exceptional object Af , we have 

SriXj,), = dimHome(T„M) - m,{M) =: h,{M) 

where m,, is the multiplicity of STi as a direct summand of M and ST{Xjj)i denotes 
the z-th component of SriX'^f). 

Fix M an indecomposable exceptional object, it can be completed into a cluster- 
tilting object in C. The tilting graph being connected, it suffices to prove by induc- 
tion that if the property holds for all the direct summands of a cluster-tilting object 
R, then it holds for all the direct summands of any cluster-tilting object R' joined 
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to R by an edge in the tilting graph. We start the induction with the cluster-tilting 
object 0i^i STi for which the result clearly holds. 

Fix now R and R' two cluster-tilting objects joined by an edge in the tilting 
graph. We can write R—U(BU and R' = U* (B U with {U, U*) an exchange pair. 
We write B = Ejj'^u and B' = Eu^jj* . Corollary 13.31 implies that 

and by lemmas 14.41 and 14. 2^ we thus have 

5t(X^) + &t{X^.) = inso^{5T{Xl),5T{Xl,)) 

If C/ 9^ STi 9^ [/*, as Tj is compatible with the exchange pair {U, U*), we have 

dimHomclT",,;/) + dim Home (ri,t/*) = max(dimHomc(Ti, B), dimHomc(T,, B')) 

As U and U* are indecomposable, we have mi{U) — mi{U*) — and thus 

h,{M) = dim Home (T„M) 

Then, the above equality becomes 

hi{U) + h,{U*) = max(dimHomc(Ti,B),dimHomc(Ti,B')) 

By induction, SriX^) = h,{U), 5t{XI) = h,{B) and 5t{XI,) = h,{B'), thus 

6t{X];,) + h,{U) = max{h,{B),h,{B')) 

so we only have to prove that 

(1) max(dimHomc(T,,B), dim Home (T,,B')) = ma.x(hi(B),h^(B')) 

Assume that STi is not a direct summand of U, it follows that mi{B) — mi{B') — 
and the result holds. Assume now that STi is a direct summand of C/, it follows 
that Extc(5ri, B) = and thus Home(T„ B)=Q and similarly Home(Ti, B') = 0. 
Now, equation |[T|) holds if and only if mi{B) = or mi{B') — 0. But it is known 
(see [1]) that B ® B' \s & basic object, thus B and B' have no common direct 
summands and thus either mi{B) = or mi{B') = 0, which gives the induction 
step. 

Now, if [/ ~ STi, then 6T{X^)i = -1. As C/ ~ ST, and B, B' e addU, we have 
Extc(B,S'Ti) = = Extc(-B',5'r,) and Extc(S'T„ [/*) ~ Home(Ti,C/*) ~ k. Also, 
mi{B) = = m,{B') and thus h,{B) = h,{B') = 0. Now 

5T{X^.)^ = m&x{5T{Xl),,5T{Xl,)i) - 6T{X^)^ 

= 1 

= dim Home (ri,C/*) 

As U* is indecomposable and non-isomorphic to U, it follows that mi{U*) = and 
thus 

6T{X^.h = h,{U*)- 

Now if U* ~ ST,, then clearly St{X^,)z = Srix,) = -1 = h,{U*) and the 
theorem is proved. D 



We now claim that theorems 12.41 and 12.31 are equivalent. Indeed, fix a; a cluster 
variable in A{Qt), then as the following diagram commutes 



r-^^ci(Q) 




C1(Qt) ^^- ZQ'> 



CALDERO-KELLER APPROACH TO THE DENOMINATORS OF CLUSTER VARIABLES 9 

we have a{^Tix)) — M for some indecomposable exceptional object M G T such 
that Xjf = X. Now ii X ^ Xi for all i G Qo, it follows that x has a T-denominator 
if and only if 

dim Home (r,M) = St{x) 

and thus the theorems are equivalent. And ii x = Xi, then M = STi and x has a 
T-denominator. 

6. Proof of theorem 



We now prove theorem 12. 51 In order to give an alternative proof of this theorem, 
we will nevertheless have to rely on some part of the work presented in [3] . More 
precisely, we will use the proposition 2.4 of [3]: 

Proposition 6.1 ([3]). If N is an indecomposable exceptional object such that 
Endc(Af) 9^ k, then there is an indecomposable exceptional object N* such that 
(iV, N* ) is an exchange pair and N is not compatible with this exchange pair. 

We now give a proof for theorem 12.51 which is an alternative proof of point (b) 
of theorem 1.5 in |3]: 

Theorem l2.5L Let Q be a finite quiver with no oriented cycles and C be the cluster 
category associated to kQ. Let T = ®'^]^ Ti be a cluster-tilting object in C. Let 
A{Q) be the cluster algebra associated to Q. If every cluster variable of A has a 
T-denominator, then Endc(Ti) ~ k for all i. 

Proof. Assume that Endc(Ti) 9^ k for some Ti. It follows from proposition 16.11 
that there exists an indecomposable exceptional object T* such that {Ti,T*) is an 
exchange pair and Ti is not compatible with respect to this exchange pair. We 
write T the complement such that Ti®T and T* ®T are cluster-tilting objects, 
then {Ti,T*) is an exchange pair and we write B — Et* ,Ti and B' = Et^^t;'- 
Corollary 13.31 implies that 



yLrp^ JVrp^ 


— ^B + ^B'J 


and lemmas 14.41 and 14.21 rive 




6t{X^;) + 5t{xI^) -~ 


= Tnax{dT{Xg 



,5t{xI,)) 

As Extc(Ti, S'Ti) ^ 0, STi is not a direct summand of Ti © T. We can thus 
assume that 5T{Xj,i)i — dim Home (T^ , M) for any direct summand M of T and 
where 5T{Xjj)i denotes the i-ih component of the dimension vector SriXj^). As 
B and B' are in addT, we have in particular that ST(Xg)i = dim Home (T^, i?) 
and 5T{Xl,)i = dim Home (T„ B')- 

Now, Ti is not compatible with the exchange pair (Ti,T*). Moreover, rTi 9^ 
Ti (otherwise Ti has a self-extension) and rTi 9^ T* (because Exte (Ti,Tj*) ~ k 
and Extc(T,,rT,) ~ RorndSTi, ST,) ~ Ende(T,) 7^ fc). It thus follows from the 
definition that 

dimHome(T,, T,;) + dim Home (T,,T;*) ¥" max(dimHomc(Ti, B), dimHomc(Ti, B')) 

Then, 

SriX^,) = ui&^{5t{xI),6t{xI,)) - SriX^J 

= max(dimHome(Ti, B), dimHome(Ti, i?')) — dim Home (T,;,Ti) 

^ dim Home (T„i;*) 

But T* is indecomposable exceptional, so X^, is a cluster variable in C which has 
no T-denominator. D 
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Note that in [3], the authors proved theorems 12.31 and 12.51 for k an arbitrary 
algebraically closed field whereas our proofs restrict to the case where fc = C is the 
field of complex numbers. 
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